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Fermi-Pasta-Ulam

In 1955 Enrico Fermi, Joe Pasta and Stan Ulam investigated the, discrete, one-
dimensional, weakly non-linear lattices

H = i [ Pi
2/2M + (K2/2) (ui-ui+1)2 + (Kp/p(p-1)) (ui-ui+1)p ]

for p=3 and p=4. The system was assumed to satisfy the boundary conditions 

u1 = uN = 0
The scientists were intent on analyzing how this system equilibrated and how the 
anharmonic terms (Kp) acted to redistribute the initial energy between the 
approximate normal modes (of the harmonic limit) of the lattice. The approximate 
harmonic normal mode amplitudes ak(t) were introduced as

ak(t)  = i ui(t) sin (ik/N)
so, in the harmonic approximation,

H0(t) = k Hk(t) =k [ M/2 (dak/dt)2 + K2 ak
2 sin(k/2N)2 ]

The equations of motion were programmed by Mary Tsingu. The numerical results 
were surprising.



Fermi-Pasta-Ulam

The energy was initially deposited in 
the k=1 sine wave mode, then it 
initially started spreading to the 
higher modes. After some time then 
the sharing process ceases and the 
energy gradually condensed back into 
the original mode. The initial state 
was almost completely recovered, 
and the recurrence phenomena was 
regular [but very much more 
frequent than the Poincare cycle]. 
Therefore, the FPU system is not 
ergodic and energy is not 
equipartitioned.



Zabusky and Kruskal
Although the results were surprising, 
little further work was performed on 
the system (except by J. Tuck and M. 
Tsingu).

A major break through came in 1965 
when N. Zabusky and M. Kruskal
investigated the continuum limit of 
the model. It was necessary to keep 
higher-order derivative terms to 
keep the solution analytic.  They 
found that, in the continuum limit, 
the system could be mapped on to 
the Korteweg - de Vries equation
(K&dV, Phil. Mag. 1895).

(du/dt) + (1+u)(du/dx) + (d3u/dx3) = 0

KdV had first derived the equation to 
describe long wavelength water waves in 
a shallow channel and investigate 
whether they could support a non-
periodic large amplitude wave that did 
not change its form. Such waves had 
were first reported by J. Scott Russell.

J. Scott Russell. Report on Waves, Fourteenth Meeting of the British 
Association for the Advancement of Science, 1844.

‘‘I was observing the motion of a boat which was rapidly drawn 
along a narrow channel by a pair of horses, when the boat suddenly 
stopped – not so the mass of water in the channel which it had put in 
motion; it accumulated round the prow of the vessel in a state of 
violent agitation, then suddenly leaving it behind, rolled forward 
with great velocity, assuming the form of a large solitary elevation, a 
rounded, smooth and well-defined heap of water, which continued its 
course along the channel apparently without change of form or 
diminution of speed. I followed it on horseback, and overtook it still 
rolling on at a rate of some eight or nine miles an hour, preserving its 
original figure some thirty feet long and a foot to a foot and a half in 
height. Its height gradually diminished, and after a chase of one or 
two miles I lost it in the windings of the channel. Such, in the month 
of August 1834, was my first chance interview with that singular and 
beautiful phenomenon which I have called the Wave of Translation.’



Because of its broad estuary, the Severn River in England regularly funnels exceptionally high 
flood tides up-river, forming a tidal bore. The waves maintain their form for many miles.



Korteweg and de Vries
Rayleigh had shown that the waves 
described by Scott Russell had the 
form

u(x,t) = a sech2 (x-vt)/

Stokes and Airy had thought these 
waves might eventually break. The 
idea is best illustrated by the equation 
studied by Poisson in 1808

(du/dt) + (1+u)(du/dx)  = 0
(2)

which has solutions given by
u=f[x-(1+u)t]

for arbitrary f(x). These solutions 
break and become multi-valued for 
large t.



Korteweg and de Vries’s Solitons
On assuming that the solutions of the 
KdV eqn
(du/dt) + (1+u)(du/dx) + (d3u/dx3) = 0
only depend on x and t through the 
combination (x-vt), it can be integrated 
twice, leading to the solution

u = a sech2(x-vt)/
in agreement with Lord Rayleigh’s 
analysis. The amplitude a depends on 
the velocity v via

a = 3 ( v - 1 )
so the larger amplitude solutions travel 
faster. The spatial extent of the wave 
is finite and is given by

 = 2/(v-1)
The soliton shape is invariant since the 
non-linear terms in the KdV balances 
the dispersive term.

Zabusky and Kruskal (1965) showed 
that when two such solitons scatter, the 
solitons emerge with unaltered shapes 
and velocities



Inverse Scattering: Exact Solutions 
The only effect of the scattering is 
that of producing a shift in the 
solitons’ world lines, or equivalently 
producing a phase shift.

In addition Zabusky and Kruskal were 
able to show the KdV equation, with 
fixed boundaries, showed the same type 
of recurrence phenomena originally 
found by Fermi, Pasta and Ulam.

Zabusky and Kruskal obtained the two-
soliton scattering results numerically. 
Peter Lax (1968) was able to prove 
them analytically. 

Gardner et al. (1967), using the inverse 
scattering method, established that it 
was possible to construct all solutions 
to the KdV equation in the form of a 
finite number of solitons and small 
amplitude continuous “radiation” that 
emerge from the initial conditions. 



Conservation Laws
• The KdV equation has an infinite number of conserved quantities Qn



Inverse Scattering
Miura et al. (1968) showed that in 
addition to conservation of particles, 
energy and momentum, the KdV
satisfied 8 more conservation laws. 
Furthermore, they established  a 
method which would allow one to 
construct an infinite set of 
conservation laws.
Integrability of a finite system 
implies the existence of a number of 
conservation laws equal to the 
number of degrees of freedom of the 
system.
Zahkarov and Fadeev (1971) 
established the relation between the 
infinite set of conservation laws and 
the exact integrability of the KdV.

• Comments & Conjecture
There are two schools of thought on 
approach to equilibrium in FPU 
lattices.

One school headed by Eddy Cohen 
holds that a modified KAM theorem 
is valid, and equilibration occurs for 
sufficiently large coupling strengths.

A second school holds that some of 
the infinite set of conservations 
remain approximately valid for 
discrete lattices, and that according to 
Liouville’s theorem, the probability 
density is a function of all the 
conserved quantities.



KdV breather excitation



Other Systems
The work of Lax makes it clear that 
there are other exactly integrable one-
dimensional continuum systems. 

This includes: 

The modified KdV equation

The non-linear Schroedinger equation

The sine-Gordon equation 

etc.

• M. Toda showed that a discrete 
lattice with special exponential  
interactions is also integrable and 
supports soliton excitations.

• M. Toda and M. Wadati, J. Phys. 
Soc. Jpn. 34 (1973)  18.



The sine-Gordon Theory
The sine-Gordon equation of motion is given by

It has small amplitude (plane-wave) oscillations with a dispersion 
relation given by

2 - k2 = m2



The sine-Gordon Theory



The sine-Gordon Theory
• Single Soliton Solutions

The large amplitude soliton and anti-soliton excitations are 
described by

The single soliton gives a sech2(x-vt) pulse to the energy and 
momentum density. The energy is given by 8 m . 

The solitons are topologically stable.



The sine-Gordon Theory
• The Breather Solution
The breather excitation is given by

and can be considered as a bound state of a 
soliton and anti-soliton pair (in a state of 
relative motion).



Breather Excitations
The breather excitations are persistent  
oscillatory excitations of homogeneous 
systems that are localized and are stabilized 
by non-linear interactions,

A.J. Sievers and S. Takeno, 
Phys. Rev. Lett. 61 (1988)  970.

Sievers and Takeno suggested that breather 
like excitations (Intrinsically Localized 
Modes) should be found in the lattice 
dynamics of  insulating materials in higher 
dimensions.

This leads to a number of open questions:

(1) Although breathers had been 
found in continuous one-dimensional 
systems none were expected in three-
dimensions, since Derrick’s Theorem 
prohibits solitons for continuous field 
theories in d=3. (That is, if one regards the 
breather as being formed from bound soliton / anti-
soliton pairs.)

G.H. Derrick, “Comments on non-linear wave equations 
as models for elementary particles”, J. Mathematical 
Physics, 5 (1964) 1252-1254.

The breathers may exist in higher 
dimensional lattices, either due to their 
oscillatory time-dependence or as finite 
lived metastable excitations.

N.G. Vakhitov- A.A. Kolokov, “Stationary solutions of the 
wave equation with non-linearity saturation” RadioPhys, 

Quantum Electron, 16 (1973) 783-789.



Breather Excitations
(3) Are breather excitations mobile 
or immobile?

Classical simulations seem to indicate 
breathers are immobile. Quantum 
considerations show that the 
breathers are mobile.

Since the systems are homogeneous 
the breathers could be located at any 
site of the lattice. Quantum 
Mechanically the breather should be 
a linear superposition of “elemental 
breathers” localized at any site. 
Overlap or QM tunneling will make 
the breathers extended, have a 
dispersion relation and give rise to a 
group velocity. 
See e.g. Riseborough and Kumar J. Phys CM (1988).

(2) Although solitons are stable in 
discrete lattices1, some believed that 
breathers were expected to be 
unstable in discrete lattices.

Classically the existence of the 
infinite sequence of conservation of 
laws are carried over to non-
integrable systems as a finite number 
of conservation laws (Kaup), and to 
discrete systems as conserved 
quantities with finite differences 
instead of derivatives (Toda).

Quantum Mechanically the systems 
may be partially integrable, and 
support a few breather excitations.
1 Non-Covariant Corrections to Magnetic Solitons in 
CsNiF3, P.S. Riseborough, D.L. Mills and S.E. 
Trullinger,Journal of Physics C: Sol. St. Phys. 14, 
1109, (1980)



Experimental Observations
• “ILM’s observed in high 
temperature vibrational spectrum of 
NaI”
Manley et al. Phys. Rev. B 79, 134304 (2009).

An unknown vibrational excitation is seen 
in the inelastic neutron scattering in the gap 
between the phonon modes, but does not 
form a continuous mode as expected from 
classical simulations .
S. A. Kiselev and A. J. Sievers, Phys. Rev. B 55, 5755 
(1997).

• For soliton and breathers to be in the 
classical regime, their energies must be far 
greater than the single phonon excitations, 
and the breather spectrum should form a 
continuum. Therefore, ILM’s are in the 
quantum regime. (PSR)

• The breather is only
seen above a critical 

temperature of 500 K



Quantum Approach
The Classical Breathers form a 
continuum of excitations with continuous 
frequencies  and velocities v, but 
Quantized Breathers can be considered as 
forming a hierarchy of bound linear 
excitations
R.F. Dashen B. Hasslacher and A. Neveu, Phys Rev 
D (1974)

• The n=1 breather is a small 
amplitude plane wave excitation that 
extends throughout the lattice 
The n=2 breather is a bound state of two 
n=1 breathers. 
The n=3 breather is a bound state of 
three n=1 breathers.
etc.
• However, the breather may also exist 
as a resonance.

For a discussion of the n=2 breathers for a sine-Gordon 
system see:
P.S. Riseborough and P. Kumar
J. Phys.: Cond. Matter 1 (1989) 7439-7452.



Quantum Approach

• The breathers are stable 
when they exist in band 
gaps outside the 
continuum.

For a discussion of the n=2 breathers for a sine-
Gordon system see:

P.S. Riseborough and P. Kumar
J. Phys.: Cond. Matter 1 (1989) 7439-7452.

• The breather excitations 
have dispersive 
excitation energies and, 
therefore, have finite 
group velocities and so 
are mobile.



Quantum Approach to the 
Quartic FPU Lattice

• The Quantum Hamiltonian is given by



Quantum Approach (n=2)
• Ladder Approximation



Quantum Approach (n=2)
• The Ladder Approximation

corresponds to



Quantum Approach



Quantum Approach
Two-phonon Propagator  

q
different q/ values
Real: blue
Imaginary: red

Van Hove singularities
cause breathers to exist 
even for infinitesimally 
small values of I4



Breather Spectrum (n=2)

Breather excitations different K4 (blue dots)
Resonance (red dots) 
Van Hove singularities at = 2(q+m2)/2

Single-phonon dispersion (red line)



Temperature Dependence
• Breathers become more localized and less mobile as T increases
• “Binding Energy” increases with T



(n=2) ILM wave function
• The two boson wave functions are discrete and 

symmetric (defined only at lattice sites). The 
wave function factorizes into a center of mass
eiqr and relative component.

• Alternating sign, since the ILM spits from top of 
the continuum where k=

• Two-phonon creation + (large component)
• Two-phonon annihilation - (small component)
• Are localized for any infinitesimal repulsive 

anharmonic interaction K4
• Localization length  decreases as K4 increases 

(no Lorentz contraction)
• Destructive interference on alternate sites 

(interference between the resonance and 
breather)  as q  



n=3 and n=4?
• n=3
• Divergent Van Hove Singularities at 

=3(q+m2/3

• Solutions exist for all strengths of the 
anharmonic interactions

• n=4
• The van Hove singularities =4(q+m2/4 

are non-divergent (finite).
• Solutions may only exist for anharmonic

interactions above a critical strength



Conclusions
1. Discrete Breathers exist in homogeneous low-dimensional 

lattices.
2. The observed excitations in d=3, NaI are in the quantum 

regime.
3. The systems are partially integrable.
4. Only the lowest excitations in the hierarchy are guaranteed to 

exist for any strength of the repulsive anharmonic interaction 
(n=2 and n=3 but not n=4).

5. Quantum Breathers are stable since they exist outside the 
continua.

6. The existence of 3-d Quantum Breathers maybe a 
consequence of anharmonicity above a critical strength 
(enhanced in the high-T classical regime).

7. Breather excitations are mobile (the dispersion relations 
show non-zero group velocities).



당신보다

どうもありがとう。
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Diatomic FPU lattice
• Periodic Array 

Masses: MA MB

Acoustic and Optic Dispersion Relations

Two phonon continuum

2x2 matrix equation for the T-Matrix



Diatomic FPU lattice

Quantum Breathers and two phonon 
continuum

Breathers form in the gaps of the spectrum
Need a large Mass ratio MA/MB


