
1. Characteristic wave vector : 

Distance dependence : 

√ μ↑ → ↓ : dominate!

2. Conventional Friedel oscillation is restored!

The RKKY exchange coupling constant is written in terms of the unperturbed Green’s
function,

where S is the magnitude of the spin, is the position vector of site from the origin.
This expression can be recast as

where . We calculate the off-diagonal of density of state, ,
using the Kernel Polynomial Method.

where , follows the recursion relation of the Chebyshev polynomials,

) {

,

= ,

- , and is the Jackson kernel which suppress the Gibb’s
oscillation from the finite cut-off expansion. As our model Hamiltonian, we use the nearest
neighbor hopping tightbinding model in honeycomb lattice,

where , are hopping parameter and chemical potential, respectively.

,

Figure : A schematic diagram of graphene. The two sublattices are denoted as A and B and the two
representative directions are indicated. To improve accuracies, sufficiently large systems (W = 5Rm, L = 5Rm,
Rm is the farmost distance between magnetic impurities) are realized in calculations.
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Figure 1: ( ) The RKKY interactions between to impurities which are localized at the origin and the
each honeycomb lattice sites. Density plots are shown in terms of the sublattices( AA, AB ).

Near Dirac Point ( )

Figure 2: (Slightly doped graphene, . ) The RKKY interactions between to impurities which are         
localized at the origin and the each honeycomb lattice sites. Density plots are shown in terms 
of the sublattices( AA, AB ). 
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Figure : (Doped graphene, . ) The RKKY interactions between to impurities which are 
localized at the origin  and the each honeycomb lattice sites.
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Figure 3: The RKKY interactions for undoped
graphene (system size W=L=500) with respect to 
the cut-off number M in KPM
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Figure 4: Plots of the minimum cut-off numbers(M) 
which give the relevant converged result for each 
distances.
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Figure 5: The RKKY interactions for undoped
graphene with respect to the system sizes.
M equals 5000 in all calculations

By virtue of the efficient KPM, we have achieved an overview of the RKKY interactions in doped 
and undoped graphene system and found an interesting crossover from the unconventional 
behavior, which is characterized at Dirac point, to the conventional form of Friedel oscillation in 
2D electron gas system. 
By replacing the simple tightbinding Hamiltonian into the Anderson model, we may investigate 

the effect of disorder on the RKKY interaction as our next step and expect that it might give us 
more realistic understanding on the magnetic properties in graphene system.
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We study the Ruderman-Kittel-Katsuya-Yoshida (RKKY) interactions in undoped and doped
graphene using the Kernel Polynomial Method (KPM). With KPM, we obtained the RKKY
interactions between the magnetic impurities localized at the origin and all sites within a certain
cutoff distance. Due to particle-hole symmetry and the Dirac nature of electrons in undoped
graphene, the RKKY interactions show a very unusual behavior compared to conventional 2D 
electron gas systems. 

It is found that oscillations are characterized by the momentum difference of two Dirac
nodes(K-K’) in the first Brillouin zone and decays with R^{-3} distance dependence.
Interestingly, in the slightly doped case, or near the Dirac point, beating forms which consist
of two waves characterized by two characteristic wavenumbers (K-K’ and k_F) start to appear.
The distance dependence in this regime shows a crossover from the R^{-3} to R^{-2}.

Abstract

Method

1. Red dashed line in line plots : Analytical results(Ref.2).

√ Excellent agreement with previous analytical and numerical works!

2. Pair : on the same (different) sublattices → Always Ferromagnetic (Anti-ferromagnetic) correlation

√ By particle-hole symmetry! (Ref. 1)

3. Characteristic wave vector : K-K (the difference of the two Dirac points in the first Brilluine zone) 

Distance dependence : 	 (usually dependence in 2D electron gas system) 

√ The static polarizabiliy in graphene has the second derivative non-analyticity at 2 ! 

√ These unconventional features come from the Dirac nature that the energy has the linear     
dispersion relation around the Dirac point! (Ref.1,2).
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1. Beating appear!

√ Characteristic wave vectors : K-K’ and 

2. No particle-hole symmetry

→ No sublattice dependence of the sign

3. Distance dependence : → crossover 

√ Around the first node( ) of the long oscillation 

√ Unconventional behavior still remaining around the    
origin.

1. In KPM, to calculate the Chebyshev polynomials using
the recurrence relation consumes most of time.
Therefore we investigate the convergence of the
calculations with respect to the cut-off number(M) and
the system size(W,L).

2. Not enough M(1000, 2000 in Fig. 1) 
→ Increasing with distance. 

The smallest M required to converge 
→ Linearly increase with distance

3. The smallest system size required to converge 
→ L, W = 4

√ Very efficient compared to E.D. method(Ref. 3)

Conclusion & Outlook
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