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New Results for Doped  
Ladder  and 

Their Relevance for the 
Cuprates.



Cuprates – doped Mott insulators. 
May one learn about their physics  by studying just 
2 coupledCuOchains?
 Dagotto and Rice (1994): YES. 

How to study such a system?

1. Numerically (Poilblanc, Scalapino, Rice and co-
workers). BUT: not all information is readily 
available even for L=50-100.

2. Analytically (Balents& Fisher, Essler&Konik and 
many others). BUT: weak interactions.



Theapproach I present allows to consider arbitrary
intra-chain interactions.

General Results:
 Effective low energy theory which allows three 

different regimes corresponding to UD, OP, OD.
 The spectrum and corr. functions is each regime.

Underdoped Regime:
 Bogolyubovq.-p.’s, Particle-Hole symmetry of the
spectral function.
 Doping dependent spin gap.
 Incommensurate spin fluctuations.



The model: two chains coupled by tunneling and 
interactions. 

where 

Symmetry: U(1)xSU(2)xZ2

Assumptions:t, U, Vnm– arbitrary,
t>>J,Vperp.



Continuum Limit: Interchain interactions <<Intrachain ones.
Universal Low Energy Description.

 Doped single chain – Luttinger liquid.
 Charge and spin are separated:
 are determined by the 
interactions and doping, 
for repulsive interactions g>0, -marginally irrelevant.

First step: new fields



Refermionization of the Bosonic Hamiltonian.

 At finite doping Φc
(+)field decouples. 

 The rest of the action is refermionized. For instance:

where

and are chiral components of Φc
(-)



Majorana fermions enter the scene. 

We separate real and imaginary parts of conventional fermions:

Are real fermions a puzzle? 
Not really, they can be expressed in terms of 
conventional ones:



Refermionization of the spin sector
yields 4 real fermions: SU(2)xSU(2)=O(4).

The spin part of the Lagrangianof 2 uncoupled chains becomes:

(Shelton et. al, 1996)



The net result for 2 independent chains: one gapless charge mode
and 2 + 4 Majorana fermions

This constitutes a proper basis to treat the interactions between the chains.
The basis is compatible with the symmetry of the interactions.



Interchain tunneling.

Using the bosonization formulae for the Fermi operators we get

Since the bilinears of Klein factors commute:
one can declare them =  

The singletMajoranafermion from 
the spin sector is hybridized with
the charge sector.



The crucial step: diagonalization of the quadratic part of the fermionic
Hamiltonian.

Here vc/vs=3, x =vk/t.

I leave only the lowest mode and 
linearize the spectrum near Q=t/(vcvs)1/2:



The resulting low energy Hamiltonian contains 6 Majorana fermions
with 3 different velocities.
The symmetry is U(1)xSU(2)xZ2.

The only conditions: J,V << vc/a0, vs/a0.



Underdoped Regime: vc<<vs

 Adiabatic approximation: treat slow particles as static and 
integrate over fast ones to obtain an effective Hamiltonian for 
the slow. The result for the slow ones is

where



Spin sector

Excitations: spin S=1 gapfulexcitons. Their gap is spin gap.

It is not the same as the Bogolyubovq.-p.s’ gap.



Results for the UD regime: 

 Interactions scale to strong coupling.

 For J>V/3 (the exchange dominates over Coulomb 
repulsion) the model supports d-wave SC.

There are 3 types of excitations:
1. Bogolyubovq-ps: Quantum numbers are those of 

electrons bar charge. Slow. Gap MB

2. Spin S=1 excitons. Fast. Gap Ms

3. Gapless charge modes.



Three different regimes: vs>>vc,vs=vc, vs<<vc.



Single particle spectral function

where dots stand for emission of > 1 particle.
The correlation function of chiral field exponents is known:

Operators Z+ create one Bogolyubov
q.-p. and carry Lorentz spin 3/8. 

Lorentz spin: under space-time rotation by 2π the operator acquires  factor
Exp[2iπS]



Single particle spectral function:.

Purple curve: convoluted with 
a Gaussian to simulate an 
experimental resolution.



Spectral weight for the model of stripes



Conclusions

 With the convenient choice of basis one can derive an effective low 
energy field theory for doped 2-leg ladder which allows for  arbitrary 
intra-chain interactions.

 New results in UD and OP regimes. The spectrum in UD regime 
consists of gapless SC phase fluctuations and gapfulBogolyubovq.-p. 

and S=1 excitons.

Q.-p.’s are highly incoherent.

 Single electron spectral function is particle-hole symmetric at small 
Energies (like in Rice et. al. 1996, not as P. W. Anderson).


	New Results for Doped  �Ladder  and �Their Relevance for the Cuprates.
	Cuprates – doped Mott insulators. �May one learn about their physics  by studying just �2 coupledCuOchains?
	Theapproach I present allows to consider arbitrary�intra-chain interactions.
	The model: two chains coupled by tunneling and interactions. 
	Continuum Limit: Interchain interactions <<Intrachain ones.�Universal Low Energy Description.
	Refermionization of the Bosonic Hamiltonian.
	Majorana fermions enter the scene. ��We separate real and imaginary parts of conventional fermions:
	Refermionization of the spin sector�yields 4 real fermions: SU(2)xSU(2)=O(4).��
	The net result for 2 independent chains: one gapless charge mode�and 2 + 4 Majorana fermions
	Interchain tunneling.
	The crucial step: diagonalization of the quadratic part of the fermionic Hamiltonian.
	The resulting low energy Hamiltonian 
	Underdoped Regime: vc<<vs
	Spin sector
	Results for the UD regime: 
	Three different regimes: vs>>vc,vs=vc, vs<<vc.
	Single particle spectral function
	Single particle spectral function:.
	Spectral weight for the model of stripes
	Conclusions

